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We introduce the notion of strong embeddability for a metric space. This property
lies between coarse embeddability and property A. A relative version of strong
embeddability is developed in terms of a family of set maps on the metric space.
When restricted to discrete groups, this yields relative coarse embeddability. We
verify that groups acting on a metric space which is strongly embeddable has this
relative strong embeddability, provided the stabilizer subgroups do. As a corollary,
strong embeddability is preserved under group extensions.
1 Introduction
If a discrete group G has property A, as defined by Yu in [6], it may be coarsely
embedded in a separable Hilbert space. This is a desirable property, as Yu has shown
[6] that such coarse embeddability verifies the Coarse Baum-Connes Conjecture for
that group. In [2], it was shown that if H → G → Q is an extension of groups where Q
has property A and H is coarsely embeddable, then G is coarsely embeddable. Unlike
property A, it is unknown whether the property of coarse embeddability is closed under
arbitrary extensions. Moreover, it is known for metric spaces that property A is a
strictly stronger condition than coarse embeddability [1].
In this paper we introduce an intermediate notion of strong coarse embeddability
implied by property A and implying coarse embeddability. This is done via a careful
analysis of the results of Dadarlat and Guentner in [2]. A main property of this
stronger notion is that it is preserved under arbitrary extensions. More generally,
strong embeddability admits a natural relative formulation by which one can verify
a relative generalization of the extension theorem. Namely: If H < G is strongly
embeddable and {π : G → G/H} is a strongly embeddable family of maps then G
is strongly embeddable. This strong embeddability of a family of maps is a natural
generalization of relative property A studied in [4]. As a consequence, if G has
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relative property A with respect to a family H1, . . . ,Hn of subgroups, and if each Hi
is coarsely embeddable, then G is coarsely embeddable. Finally, we show that strong
embeddability is satisfied by groups acting on strongly embeddable metric spaces.
It is currently unknown whether strong embeddability and coarse embeddability coin-
cide for discrete metric spaces. We hope to address this issue in future work.
2 Preliminaries
All groups are assumed to be countable and uniformly discrete, with a proper left-
invariant metric. All metric spaces are assumed to be uniformly discrete with bounded
geometry.
Definition 2.1 A coarse embedding of a metric space (X, d) in a Hilbert space H is a
map φ : X → H for which there exist two nondecreasing maps ρ−, ρ+ : [0,∞) → R
with limr→∞ ρ±(r) =∞ for which the following holds for all x, y ∈ X .
ρ− (d(x, y)) ≤ ‖φ(x) − φ(y)‖ ≤ ρ+ (d(x, y)) .
A metric space for which a coarse embedding exists is called coarsely embeddable.
A useful characterization of coarse embeddability was given by Dadarlat and Guentner
in [2].
Proposition 2.2 Let X be a metric space. Then X is coarsely embeddable if and
only if for every R, ǫ > 0 there exists a Hilbert space valued map β : X → H with
‖β(x)‖ = 1 for each x ∈ X , and satisfying:
(1) sup {|1− 〈β(x), β(y)〉| : d(x, y) ≤ R} ≤ ǫ .
(2) limS→∞ sup {|〈β(x), β(y)〉| : d(x, y) ≥ S} = 0.
We point out that condition (1) can be replaced by sup {‖β(x) − β(y)‖ : d(x, y) ≤ R} ≤
ǫ .
We will need to make use of a family of coarsely embeddable metric spaces, with some
uniform control. We take the following as our definition.
Definition 2.3 ([3, Prop. 2.3]) A family (Xj)j∈I of metric spaces is equi-coarsely
embeddable if for every R, ǫ > 0 there is a family of Hilbert space valued maps
ξj : Xj → H with ‖ξj(x)‖ = 1 for all x ∈ Xj and satisfying:
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(1) For all j ∈ I and all x, y ∈ Xj , if d(x, y) ≤ R , then ‖ξj(x)− ξj(y)‖ ≤ ǫ .
(2) limS→∞ supj∈I sup {|〈ξj(x), ξj(y)〉| : d(x, y) ≥ S , x, y ∈ Xj} = 0.
Now to Yu’s property A.
Definition 2.4 A metric space (X, d) has property A if for every R, ǫ > 0 there exists
an S > 0 and a collection (Ax)x of finite nonempty subsets of X × N , indexed by
x ∈ X , such that:
(1) For each x, y ∈ X , if d(x, y) < R , then
|Ax∆Ay|
|Ax|
< ǫ.
(2) For each x ∈ X , if (y, n) ∈ Ax then d(x, y) < S.
The following characterization will be useful in the sequel.
Proposition 2.5 ([5, Prop. 3.2]) A metric space (X, d) has property A if and only
if for every R, ǫ > 0 there exists a Hilbert space valued map α : X → H with each
‖αx‖ = 1, and an S > 0 such that:
(1) For each x, y ∈ X , if d(x, y) ≤ R , then |1− 〈αx, αy〉| < ǫ .
(2) For each x ∈ X , if d(x, y) ≥ S then 〈αx, αy〉 = 0
Definition 2.6 A family (Xj)j∈I of metric spaces is equi-exact if for every R, ǫ > 0
there is a family of Hilbert space valued maps ξj : Xj → H with ‖ξj(x)‖ = 1 for all
x ∈ Xj and an S > 0 and satisfying:
(1) For all j ∈ I and all x, y ∈ Xj , if d(x, y) ≤ R , then ‖ξj(x)− ξj(y)‖ ≤ ǫ .
(2) For all j ∈ I and all x, y ∈ Xj , 〈ξj(x), ξj(y)〉 = 0 if d(x, y) ≥ S.
As mentioned above, for a group extension H → G → Q , Dadarlat and Guentner
show in [2] that if H is coarsely embeddable and Q has property A, then G is coarsely
embeddable. The assumption that Q∼=G/H has property A is closely related to the
notion of relative property A, developed in [4].
Definition 2.7 Let G be a group and {H1, . . . ,Hn} a finite family of subgroups, and
let K = ⊔ni=1G/Hi . Then G has relative property A with respect to {H1, . . . ,Hn} if
for every R > 0 and ǫ > 0 there exists an S > 0 and a collection Ax of finite nonempty
subsets of K × N , indexed by x ∈ G , such that:
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(1) For each x, y ∈ G , if d(x, y) < R , then
|Ax∆Ay|
|Ax|
< ǫ.
(2) For each x ∈ G , if (aHi, n) ∈ Ax then d(x, aHi) < S.
The cosets of each single subgroup Hi serve to partition the space G into isometric
pieces. We obtain a family of partitions. A single element of one of the partitions is
indexed by K , and distances are measured between elements of G and elements of K .
In the next section we expand this framework to more general situations by considering
families of set maps.
3 Exact families of maps
Suppose (X, d) is a metric space. For a finite family of sets, {Yi}ni=1 , let Y = ⊔ni=1Yi
denote the disjoint union.
Definition 3.1 A family of set maps {φi : X → Yi}ni=1 is an exact family of maps if
for every R, ǫ > 0 there exists an S > 0 and a map ξ : X → ℓ2(Y), with ‖ξx‖ = 1 for
all x ∈ X (where ξx is the element of ℓ2(Y) associated to x ∈ X ) and satisfying the
following.
(1) For all x, y ∈ X if d(x, y) ≤ R , then ‖ξx − ξy‖ ≤ ǫ .
(2) For all x ∈ X , supp ξx ⊂ ∪iφi (BS(x)) , where BS(x) denotes the ball of radius S
in X centered at x.
Let G be a group, and let {Hi}ni=1 be a finite family of subgroups of G . Let
{πi : G → G/Hi} be the corresponding quotient maps.
Lemma 3.2 The group G has relative property A with respect to {Hi}ni=1 if and only
if {πi}ni=1 is an exact family of maps. A metric space (X, d) has property A if and only
if {Id : X → X} is an exact family of maps.
Proof This follows from Proposition 4.3 of [4] and Proposition 3.2 of [5].
In [4], relative property A was defined only for groups. The notion of exact families of
maps gives a natural framework in which to extend this property to metric spaces.
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Theorem 3.3 Suppose (X, d) is a metric space and {φi : X → Yi}ni=1 is an exact
family of maps. If
{
φi(w)−1 : w ∈ Yi, i = 1, . . . , n
}
is an equi-exact family of metric
spaces, then X has property A.
This is related to Theorem 3.1 of [3].
Proof Fix R, ǫ > 0. Denote by Y the disjoint union ⊔ni=1Yi . For x ∈ X and w ∈ Yi ,
let η(x,w) denote a point in φ−1i (w) closest to x. By the triangle inequality we have
d(x, y) ≤ d(η(x,w), η(y,w)) + d(x, φ−1i (w)) + d(y, φ−1i (w)) and d(η(x,w), η(y,w)) ≤
d(x, y) + d(x, φ−1i (w))+ d(y, φ−1i (w)) for w ∈ Yi , and all x, y ∈ X .
By Definition 3.1 there is a map α : X → ℓ2(Y) with each ‖αx‖ = 1, and an SX > 0
such that:
(1) For each x, y ∈ X , if d(x, y) ≤ R , then |1− 〈αx, αy〉| < ǫ2 .
(2) For each x ∈ X , if αx(w) 6= 0 then w ∈ ∪iφi
(
BSX (x)
)
.
Let I = {(i,w) : i = 1, . . . , n, w ∈ Yi}. Note that there is a natural identification of
I with Y . For convenience, we will refer to j = (i,w) as w . It will be understood that
i is then determined by a choice of w ∈ Yi . For j = (i,w) ∈ I , set Xj = φ−1i (w). By
Definition 2.6, there is an SY > 0, a Hilbert space H , and for each j = (i,w) ∈ I a
βj : φ−1i (w) → H with ‖βj(s)‖ = 1 for all s ∈ Xj , and such that
(1) For all s, t ∈ Xj , |1− 〈βj(s), βj(t)〉| ≤ ǫ2 whenever d(s, t) ≤ 2SX + R .
(2) For all s, t ∈ Xj if d(s, t) ≥ SY , then 〈βj(s), βj(t)〉 = 0.
Define ξ : X → ℓ2(Y,H) by
ξx(w) = αx(w)βj(η(x,w)), for all x ∈ X,w ∈ Yi.
For any x ∈ X ,
‖ξx‖
2
=
∑
w∈Y
‖ξx(w)‖2
=
∑
w∈Y
|αx(w)|2‖βj(η(x,w))‖2
= 1.
It remains to verify the two remaining properties of Proposition 2.5 for ξ .
If x, y ∈ X with d(x, y) ≤ R , then
|1− 〈ξx, ξy〉| ≤
∣∣∣∣∣
∑
w∈Y
(
1− 〈βj(η(x,w)), βj(η(y,w))〉
)
αx(w)αy(w)
∣∣∣∣∣
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+ |1− 〈αx, αy〉|.
The second term is bounded by ǫ2 . Moreover, the first sum is over w ∈ φi(BSX (x)) ∩
φi(BSX (y)). Since ‖αx‖ = ‖αy‖ = 1 this sum is bounded by
sup {|1− 〈βj(η(x,w)), βj(η(y,w))〉| : w ∈ φi(BSX (x)) ∩ φi(BSX (y)), i = 1, . . . , n} .
As each such w satisfies d(η(x,w), η(y,w)) ≤ R+ 2SX , this sum is bounded by ǫ2 .
Let x, y ∈ X be such that d(x, y) ≥ 2SX + SY . Then
〈ξx, ξy〉 =
∑
w∈Y
αx(w)αy(w)〈βj(η(x,w)), βj(η(y,w))〉.
The support condition on αx and αy ensure the sum is over w ∈ ∪i
(
φi(BSX (x)) ∩ φi(BSX (y))
)
.
For each i and each w ∈ φi(BSX (x)) ∩ φi(BSX (y)), we have d(η(x,w), η(y,w)) ≥
d(x, y) − d(x, φ−1i (w))− d(y, φ−1i (w)) ≥ SY . As such, this sum is zero.
4 Strong embeddability
Definition 4.1 Let (X, d) be a metric space. Then X is strongly embeddable1 if and
only if for every R, ǫ > 0 there exists a Hilbert space valued map β : X → ℓ2(X) with
‖βx‖ = 1 for each x ∈ X , and satisfying:
(1) If d(x, y) ≤ R , then ‖βx − βy‖ ≤ ǫ .
(2) limS→∞ supx∈X
∑
w/∈BS(x) |βx(w)|2 = 0.
Lemma 4.2 Condition (2) in Definition 4.1 can be replaced by the following:
(2’) limS→∞ supx,y∈X
∑
w/∈(BS(x)∩BS(y)) |βx(w)βy(w)| = 0.
Proof Condition (2’) with x = y yields condition (2). For the other direction, assume
condition (2) is satisfied, fix any x, y ∈ X , and let S > 0 be given.∑
w/∈(BS(x)∩BS(y))
|βx(w)βy(w)| =
∑
w/∈BS(x)
|βx(w)βy(w)|+
∑
w∈(BS(x)\BS(y))
|βx(w)βy(w)|
≤
∑
w/∈BS(x)
|βx(w)βy(w)|+
∑
w/∈BS(y)
|βx(w)βy(w)|
≤
∑
w/∈BS(x)
|βx(w)|2 +
∑
w/∈BS(y)
|βy(w)|2
Each of these terms tend to zero as S →∞ , uniform in x, y ∈ X .
1It is possible to define strong embeddability in terms of a general Hilbert space. In that framework,
it is clear that strong embeddability is a coarse invariant of metric spaces.
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Lemma 4.3 Strongly embeddable metric spaces are coarsely embeddable.
Proof Suppose (X, d) is strongly embeddable, and fix R, ǫ > 0. Take β : X → ℓ2(X)
from the definition.
Fix an S > 0 and take d(x, y) ≥ S.
|〈βx, βy〉| ≤
∑
w∈X
|βx(w)βy(w)|
=
∑
w/∈BS/2(x)
|βx(w)βy(w)|+
∑
w∈BS/2(x)
|βx(w)βy(w)|
≤
∑
w/∈BS/2(x)
|βx(w)|2 +
∑
w∈BS/2(x)
|βy(w)|2
≤
∑
w/∈BS/2(x)
|βx(w)|2 +
∑
w/∈BS/2(y)
|βy(w)|2
Thus, limS→∞ sup {|〈βx, βy〉| : d(x, y) ≥ S} = 0.
The following is a weakened version of an exact family of maps. As an exact family of
maps captures relative property A, a strongly embeddable family of maps will capture
relative coarse embeddability.
Definition 4.4 A family of set maps {φi : X → Yi}ni=1 is a strongly embeddable family
of maps if for every R, ǫ > 0 there exists a map ξ : X → ℓ2(Y), with ‖ξx‖ = 1 for all
x ∈ X and satisfying the following:
(1) For all x, y ∈ X if d(x, y) ≤ R , then ‖ξx − ξy‖ ≤ ǫ .
(2)
lim
S→∞
sup
x∈X
∑
w/∈∪iφi(BS(x))
|ξx(w)|2 = 0.
In direct analogy to Theorem 3.3, we have
Theorem 4.5 Suppose (X, d) is a uniformly discrete bounded geometry metric space,
and let {φi : X → Yi}ni=1 be a strongly embeddable family of maps. If the preimages{
φi(w)−1 : w ∈ Yi, i = 1, . . . , n
}
form an equi-coarsely embeddable family of metric
spaces, then X is coarsely embeddable.
Proof Pick R, ǫ > 0. By Definition 4.4 there is a map α : X → ℓ2(Y) with each
‖αx‖ = 1, and an SX > 0 such that:
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(1) For each x, y ∈ X , if d(x, y) ≤ R , then |1− 〈αx, αy〉| < ǫ3 .
(2) For each x, y ∈ X , ∑w/∈∪iφi(BSX (x))∩φi(BSX (y)) |αx(w)αy(w)| <
ǫ
6 .
Let I = {(i,w) : i = 1, . . . , n, w ∈ Yi}. For j = (i,w) ∈ I , set Xj = φ−1i (w). By
Definition 2.3, there is a Hilbert space, H , and for each j = (i,w) ∈ I a βj : φ−1i (w) →
H with ‖βj(s)‖ = 1 for all s ∈ Xj , and such that for each δ > 0 there is an SY > 0
satisfying:
(1) For all s, t ∈ Xj , |1− 〈βj(s), βj(t)〉| ≤ ǫ3 whenever d(s, t) ≤ 2SX + R .
(2) For all s, t ∈ Xj if d(s, t) ≥ SY , then 〈βj(s), βj(t)〉 ≤ δ2 .
Define ξ : X → ℓ2(Y,H) by
ξx(w) = αx(w)βj(η(x,w)), for all x ∈ X,w ∈ Yi.
For any x ∈ X , ‖ξx‖2 = 1. We verify the two remaining properties of Proposition 2.2
for ξ .
If x, y ∈ X with d(x, y) ≤ R , then
|1− 〈ξx, ξy〉| ≤
∣∣∣∣∣
∑
w∈Y
(
1− 〈βj(η(x,w)), βj(η(y,w))〉
)
αx(w)αy(w)
∣∣∣∣∣
+ |1− 〈αx, αy〉|.
The second term is bounded by ǫ3 . Moreover, the summation can be split as the sum
over w ∈ ∪iφi(BSX (x)) ∩ φi(BSX (y)) plus the sum over w /∈ ∪iφi(BSX (x)) ∩ φi(BSX (y)).
Consider the sum over w ∈ ∪iφi(BSX (x)) ∩ φi(BSX (y)). Since ‖αx‖ = ‖αy‖ = 1 this
sum is bounded by
sup {|1− 〈βj(η(x,w)), βj(η(y,w))〉| : w ∈ φi(BSX (x)) ∩ φi(BSX (y)), i = 1, . . . , n} .
As every such w satisfies d(η(x,w), η(y,w)) ≤ R+ 2SX , this sum is bounded by ǫ3 .
The sum over w /∈ ∪iφi(BSX (x)) ∩ φi(BSX (y)) is bounded by,∑
w/∈∪iφi(BSX (x))∩φi(BSX (y))
|1− 〈βj(η(x,w)), βj(η(y,w))〉| |αx(w)αy(w)| .
As ‖βj(η(x,w))‖ = ‖βj(η(y,w))‖ = 1, |1− 〈βj(η(x,w)), βj(η(y,w))〉| ≤ 2. By the
choice of α , this sum is bounded by ǫ3 . Thus |1− 〈ξx, ξy〉| ≤ ǫ .
By Definition 4.4, there is S′X > 0 such that
∑
w/∈∪iφi(BS′X (x))∩φi(BS′X (y))
|ξx(w)ξy(w)| < δ2 .
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Let x, y ∈ X be such that d(x, y) ≥ 2S′X + SY . Then
|〈ξx, ξy〉| =
∣∣∣∣∣
∑
w∈Y
αx(w)αy(w)〈βj(η(x,w)), βj(η(y,w))〉
∣∣∣∣∣
≤
∑
w∈Y
|αx(w)αy(w)| |〈βj(η(x,w)), βj(η(y,w))〉| .
This sum splits into the sum over w ∈ ∪iφi(BS′X (x)) ∩ φi(BS′X (y)) plus the sum over
w /∈ ∪iφi(BS′X (x)) ∩ φi(BS′X (y)).
For w ∈ ∪iφi(BS′X (x)) ∩ φi(BS′X (y)), that ‖αx‖ = ‖αy‖ = 1 gives that this sum is
bounded by
sup
{
|〈βj(η(x,w)), βj(η(y,w))〉| : w ∈ φi(BS′X (x)) ∩ φi(BS′X (y)), i = 1, . . . , n
}
.
For each i and each w ∈ φi(BS′X (x)) ∩ φi(BS′X (y)), we have d(η(x,w), η(y,w)) ≥
d(x, y)− d(x, φ−1i (w))− d(y, φ−1i (w)) ≥ SY . As such, this supremum is bounded by δ2 .
Consider the sum over w /∈ ∪iφi(BS′X (x))∩φi(BS′X (y)). As ‖βj(η(x,w))‖ = ‖βj(η(y,w)‖ =
1, |〈βj(η(x,w)), βj(η(y,w))〉| ≤ 1. By the choice of S′X , this sum is bounded by δ2 .
Thus, |〈ξx, ξy〉| < δ .
Definition 4.6 A family (Xj)j∈I of metric spaces is equi-strongly embeddable if for
every R, ǫ > 0 there is a family of Hilbert space valued maps ξj : Xj → ℓ2(Xj) with
‖ξjx‖ = 1 for all x ∈ Xj and satisfying:
(1) For all j ∈ I and all x, y ∈ Xj , if d(x, y) ≤ R , then ‖ξjx − ξjy‖ ≤ ǫ .
(2) limS→∞ supj∈I supx∈Xj
∑
w/∈BS(x) |ξ
j
x(w)|2 = 0.
Corollary 4.7 Suppose (X, d) is a uniformly discrete bounded geometry metric space,
and let {φi : X → Yi}ni=1 be a strongly embeddable family of maps. If the preimages{
φi(w)−1 : w ∈ Yi, i = 1, . . . , n
}
are an equi-strongly embeddable family of metric
spaces, then X is strongly embeddable.
Proof This follows directly by the argument used in Theorem 4.5 above.
Since a strongly embeddable family of maps is a generalization of relative property A,
we have the following.
Corollary 4.8 If G has relative property A with respect to a finite family of subgroups
H1, . . . ,Hn , and if each Hi is strongly embeddable, then G is strongly embeddable.
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In [4] it was shown that if a group G has a normal subgroup H with G/H of property
A, then G has relative property A with respect to H . As such, the following is a
generalization of the previously mentioned Dadarlat and Guentner result on the coarse
embeddability of extensions.
Corollary 4.9 Suppose G has relative property A with respect to a finite family of
subgroups {Hi}ni=1 . If each Hi is coarsely embeddable, then G is coarsely embeddable.
Proof If each Hi is coarsely embeddable, then
{
π−1i (aHi) : aHi ∈ G/Hi , i = 1, . . . , n
}
is an equi-coarsely embeddable family. As relative property A is equivalent to
{πi : G → G/Hi}ni=1 being an exact family of maps, this follows from Theorem 4.5.
We next turn to group actions on metric spaces. Suppose the group G acts co-finitely
on a uniformly discrete bounded geometry metric space X . Letx1, x2, . . . , xn ∈ X be
representatives of the G orbits. For each i, let Hi be the stabilizer of xi , and denote
by πi : G → G/Hi the quotient map. For each xi , there is a natural identification of
the orbit Gxi with G/Hi , thus between X and ⊔ni=1G/Hi . Thus if X is a finite space,
then each Hi has finite index in G . The following then follows from Proposition 4.11
of [4].
Theorem 4.10 If X is finite, then {πi : G → G/Hi} is an exact family of maps.
For groups acting on infinite metric spaces, the following lemma will be useful.
Lemma 4.11 There is a sequence (Tk) of positive numbers, tending to infinity, such
that for all w ∈ X , if dX(x1,w) < Tk then there is gw ∈ G and i with w = gwxi , such
that dG(1G, gw) < k . That is, BTk (gx1) ⊂ ∪ni=1Bk(g)xi for all g ∈ G .
Proof For each w ∈ X , fix a factorization w = gwxiw , for xiw one of the orbit
representatives, and gw ∈ G . There may be many possible choices for gw . Take one
which minimizes dG(1G, gw).
For a positive integer m , set Nm = max {dG(1G, gw) : w ∈ Bm(x1)} . Clearly Nm ≤
Nm+1 for all positive integers m .
If Nm ≤ S for all m , then each w ∈ X could be written as gwxiw with dG(1G, gw) ≤ S.
As G has bounded geometry, there are at most finitely many possibilities for gw , and
finitely many orbits. This contradicts the assumption that X has infinite cardinality.
Thus Nm tends to infinity.
Using (Nm) we now construct (Tn). Given n, let Tn = max{m : Nm ≤ n}. If
dX(w, xi) < Tn , then dG(1G, gw) ≤ NTn ≤ n.
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The following is a strongly embeddable analogue of Theorem 5.12 of [4].
Theorem 4.12 Suppose the group G acts co-finitely on a strongly embeddable uni-
formly discrete bounded geometry metric space X . Let x1, x2, . . . , xn ∈ X be repre-
sentatives of the G orbits. For each i, let Hi be the stabilizer of xi , and denote by
πi : G → G/Hi the quotient map. Then {πi : i = 1, . . . , n} is a strongly embeddable
family of maps.
Proof If X is finite, this follows by Theorem 4.10. Otherwise, we assume X is infinite.
Fix R, ǫ > 0. There is a C > 0 such that for all g, g′ ∈ G , and all i, j ∈ {1, . . . , n},
dX(gxi, g′xj) ≤ C(dG(g, g′)+ 1).
Since X is strongly embeddable, there is a Hilbert space valued map β : X → ℓ2(X)
with ‖βx‖ = 1 for each x ∈ X , and satisfying:
(1) If dX(x, y) ≤ C(R+ 1), then ‖βx − βy‖ ≤ ǫ .
(2) limS→∞ supx∈X
∑
w/∈BS(x) |βx(w)|2 = 0.
Define ξ : G → ℓ2(X) by ξg = βgx1 . It is clear that for all g ∈ G , ‖ξg‖ = 1. If
dG(g, g′) ≤ R , then dX(gx1, g′x1) ≤ C(R+ 1) so ‖ξg − ξg′‖ ≤ ǫ .
For any g ∈ G and S > 0∑
w/∈∪iBS(g)xi
|ξg(w)|2 =
∑
w/∈∪iBS(g)xi
|βgx1 (w)|2
≤
∑
w/∈BTS (gx1)
|βgx1 (w)|2 ,
where the last inequality follows from Lemma 4.11. This tends to zero uniformly in g,
as S →∞ .
Theorem 4.13 Let H be a normal subgroup of G . If G/H is strongly embeddable in
the quotient metric, then {π : G → G/H} is a strongly embeddable family of maps.
Proof This follows from Theorem 4.12 by considering the G action on G/H .
If H is strongly embeddable as well, the collection of cosets {gH} forms an equi-
strongly embeddable family of metric spaces. Appealing to Corollary 4.7 we obtain
the following.
Theorem 4.14 The collection of strongly embeddable groups is closed under exten-
sions of groups with proper length functions.
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